Abstract. Suppose X is a torsor under an abelian variety A over a number field. We show that any adelic point of X that is orthogonal to the algebraic Brauer group of X is orthogonal to the whole Brauer group of X. We also show that if there is a Brauer-Manin obstruction to the existence of rational points on X, then there is already an obstruction coming from the locally constant Brauer classes. These results had previously been established under the assumption that A has finite Tate-Shafarevich group. Our results are unconditional.
Introduction
Let X be a smooth projective and geometrically integral variety over a number field k. In order that X possesses a k-rational point it is necessary that X has points everywhere locally, i.e., that the set X(A k ) of adelic points on X is nonempty. The converse to this statement is called the Hasse principle, and it is known that this can fail. When X(k) is nonempty one can ask if weak approximation holds, i.e., if X(k) is dense in X(A k ) in the adelic topology.
Manin [Man71] showed that the failure of the Hasse principle or weak approximation can, in many cases, be explained by a reciprocity law on X(A k ) imposed by the Brauer group, Br X := H 2 ét (X, G m ). Specifically, each element α ∈ Br X determines a continuous map, α * : X(A k ) → Q/Z, between the adelic and discrete topologies with the property that the subset X(k) ⊂ X(A k ) of rational points is mapped to 0. Thus, for any subset G ⊂ Br X, the set X(A k )
G of adelic points that are mapped to 0 by every element of G is a closed subset of X(A k ) containing X(k). When this subset is empty (resp., proper) one says there is a Brauer-Manin obstruction to the existence of rational points (resp., weak approximation).
The Brauer group of X admits a natural filtration, (1.1) 0 ⊂ Br 0 X ⊂ БX ⊂ Br 1/2 X ⊂ Br 1 X ⊂ Br X , where the nontrivial subgroups, whose definitions are recalled in Section 2 below, consist of elements that are (respectively, in increasing order) constant, locally constant, Albanese, and algebraic. Elements of Br X surviving the quotient Br X/ Br 1 X are said to be transcendental. This filtration leads to the sequence of containments,
In general, it is possible for any of these containments to be proper. When X(A k ) Br = X(A k ) Br 1 one says there is a transcendental Brauer-Manin obstruction. We show that this cannot occur for torsors under abelian varieties.
Theorem 1. Let X be a torsor under an abelian variety over a number field k. Then
Moreover, if these sets are empty then so is X(A k ) Б .
The first statement implies that there are no transcendental obstructions to weak approximation on abelian varieties. The second statement says that the locally constant (a fortiori algebraic) Brauer classes on X capture the Brauer-Manin obstruction to the existence of rational points. This solves a problem stated in the "American Institute of Mathematics Brauer groups and obstruction problems problem list" [AIM, Problem 2.4].
We hasten to note that there are abelian varieties A for which Br 1/2 A = Br A. Examples with Br 1 A = Br A can be found in [SZ12] , while examples with Br 1/2 A = Br 1 A are described in Remark 9 below.
The conclusion of Theorem 1 was previously known under the assumption that the TateShafarevich group of the Albanese variety of X is finite. When X(k) = ∅ this is due to Wang [Wan96] . When X(k) = ∅, this follows from Manin's result [Man71, Théorème 6] relating the obstruction coming from БX to the Cassels-Tate pairing.
Theorem 1 follows immediately from the next two theorems which are proved in Section 5.
Theorem 2. If X is a torsor under an abelian variety over a number field
When X = A is an abelian variety with finite Tate-Shafarevich group Theorem 2 follows from results of Wang [Wan96, Propositions 2 and 3]. Her argument uses a result of Serre [Ser64] on the congruence subgroup problem to identify the profinite completion of A(k) with the topological closure of A(k) in the space A(A k ) • obtained from A(A k ) by replacing each factor A(k v ) with its set of connected components. Descent theory together with finiteness of X(k, A) then imply that A(k) = A(A k )
• is closed and contains the image of A(k), this forces the equality in the statement of the theorem. Our proof of Theorem 2 is based on a recent result of the author and Viray in [CV17] , and requires no assumption on X(k, A).
Theorem 3. If X is a torsor under an abelian variety over a number field k such that
This theorem follows from an argument using descent theory and [Man71, Théorème 6] and is likely to be known to the experts (see Proposition 18 for details). Theorem 3 is also an immediate consequence of the following result proved in Section 5 by using compatibility of the Tate and Brauer-Manin pairings.
Theorem 4. Suppose X is a torsor under an abelian variety over a number field k and 
The filtration on Br X
Here are the definitions of the subgroups appearing in the filtration (1.1). Other than БX, all groups may be defined for a smooth projective integral variety X over an arbitrary field K. Let X denote the base change of X to a separable closure of K. The algebraic Brauer group, Br 1 X, is defined to be the kernel of the base change map Br X → Br X. The group of constant Brauer classes, Br 0 X, is defined to be the image of Br K := Br Spec(K) under the map induced by the structure morphism X → Spec K. The Hochschild-Serre spectral sequence gives rise to a well-known exact sequence (cf. [Sko01, (2.23) on p. 30]),
There is an exact sequence
where NS X is the Néron-Severi group of X. The inclusion i :
, where r is as in (2.1). Our terminology here comes from the fact that H 1 (K, Pic 0 X) parametrizes K-torsors under the dual of the Albanese variety of X. The notation Br 1/2 was first introduced in [Sto07] . Now suppose K = k is a number field. For a prime v of k, let X kv denote the base change of X to the completion k v of k. We define the group of locally constant Brauer classes, БX, to be the subgroup of Br 1/2 X consisting of those elements which map, under base change to k v , into the subgroup Br 0 X kv ⊂ Br 1/2 X kv , for every prime v of k. 
. Suppose X is not locally soluble at at least two places. If A(k) and X(k, A) are both trivial, then there is an isomorphism
Hence there is some Y ∈ H 1 (k, A) that is locally soluble at all but one place w, where it is isomorphic to X kw . The image of Y is a nontrivial element in r(БX), but r(B) = 0.
Remark 9. For k a number field the map r :
, yielding many examples of abelian varieties X for which Br 1 X = Br 1/2 X.
Five lemmas
In this section A is an abelian variety over a field K of characteristic 0 with algebraic closure K and X is an A-torsor. We use X and A to denote the base change to K. The torsor structure is given by a morphism µ : A×X → X. Any a ∈ A(K) gives rise to translation maps t a : A → A and τ a : X → X determined by t a (b) = a + b and τ a (x) = µ(a, x). For x ∈ X(K) the torsor action gives an isomorphism
There is a homomorphism
, where N ∈ Pic A is any lift of λ under the surjective map in (2.2) (with A in place of X). This may be proved using the theorem of the square [Mum70, page 59, Corollary 4]. We define φ N = φ λ .
Lemma 10. For any x ∈ X(K) the pullback map τ * x : Pic X → Pic A is an isomorphism of abelian groups which induces isomorphisms of Galois modules τ *
Proof. Since τ x : A → X is an isomorphism of varieties over K it induces an isomorphism of exact sequences of abelian groups
Galois equivariance of the map τ * x : NS X → NS A follows from the fact that φ M (b) ∈ Pic 0 X. Galois equivariance of the map τ * x : Pic 0 X → Pic 0 A follows from the fact that φ M = 0 when L ∈ Pic 0 X, because then M ∈ Pic 0 A and so its image in NS A is trivial. 
Proof. Let N ∈ Pic A be a lift of λ and let L ∈ Pic X be such that τ *
where the penultimate equality follows from the assumption δ A (λ) = 0. To conclude we note that (up to sign) b σ represents the class of X in H 1 (K, A).
The following result may be found in [Ber72] . We repeat the argument here for the sake of completeness. Remark 14. It would be interesting to determine if the this lemma holds with p = 1. This is the case when Br X = Br 1 X and NS X = Z, so in particular when dim X = 1.
Proof. In this proof we abbreviate
Consider the exact sequence
coming from the Galois cohomology of the bottom row of (3.1). Since NS A is finitely generated and H 1 (Pic 0 A) is torsion, the image of δ A is finite. Choose q ≥ 0 such that for any integer n, the n-primary subgroup of the image of δ A is annihilated by n q . Clearly q depends only on A. We will show that p = q + 3 will suffice.
Suppose n is an integer and π : Y → X is an n p -covering. For any i ≥ 0, multiplication by n i yields an exact sequence of Galois modules,
In particular, the successive quotients in the filtration 0
. From this we see that π factors as 
.2(ii)], fit into a commutative diagram
Putting this all together, we obtain the following commutative diagram of abelian groups with exact rows. (Both maps from the second row to the bottom row are given by π *
. . .
Now suppose α ∈ Br X/ Br 0 X has order dividing n. Exactness of the second row shows that π * 1 (α) = α 1 for some
Commutativity of the diagram then gives r p (π * (α)) = 0. But r p is injective, so this gives π * (α) = 0 as required. Since nα 1 = 0, exactness of the fourth row shows that α 2 = ǫ 2 (β) for some β ∈ H 1 (Pic 0 A). Since H 1 (Pic 0 A) is torsion, we may assume β is annihilated by some power of n. Since nα 2 = 0, we have nβ ∈ ker(ǫ 2 ). Hence nβ = δ 2 (γ) for some γ ∈ H 0 (NS A). Our choice of q ensures that δ A (n q γ) = 0. Hence, by Lemma 11 (applied with Y i in place of X), we have
Applying this in the case j = p − 2 = q + 1 and using commutativity of the diagram we have
The proof of Theorem 4 requires the following elementary result in linear algebra. Proof. If such a linear combination exists, then clearly there is no solution. For the converse, we use that there are invertible matrices P ∈ GL s (Z/nZ), Q ∈ GL t (Z/nZ) and a diagonal matrix 
Compatibility of the Tate and Brauer-Manin pairings
In this section we assume X is a torsor under an abelian variety A = Alb 0 X over a local field K of characteristic 0. Let CH 0 X denote the Chow group of 0-cycles on X modulo rational equivalence, and let A 0 X denote the kernel of the degree map on CH 0 X. For a class α ∈ Br X the evaluation map α : X(K) → Br K induces a homomorphism α : CH 0 X → Br K defined by sending the class z ∈ CH 0 X of a closed point P to the image under the corestriction map Cor K(P )/K : Br K(P ) → Br K of α(P ) ∈ Br K(P ). This gives a bilinear pairing on CH 0 X × Br X. When restricted to Br 1/2 X, this pairing is compatible with the Tate pairing in the sense that there is a commutative diagram of pairings, (4.1)
The maps to H 1 (K, Pic X) in the diagram are the maps i * and r defined in Section 2. Since K is a local field, r is surjective. The pairing in the middle row is induced by , eval . This is well defined because ker(r) = Br 0 X which pairs trivially with A 0 X. For X a genus 1 curve, this goes back to Lichtenbaum [Lic69] . The general case is given by [Kai16, Proposition 3.4] . The reader will note that while the statement there assumes the existence of a proper regular model for X, the proof that the pairings are compatible does not make use of this assumption. Alternatively, when X(K) = ∅ (which is the only case we will use) one can apply [ÇK12, Theorem 3.5].
The compatibility of the pairings in (4.1) has the following consequences.
Corollary 16. For any α ∈ Br 1/2 X, the homomorphism α : A 0 X → Br K factors through Alb 0 X (K). Moreover, for any a ∈ Alb 0 X (K) and x ∈ X(K) we have α(µ(a, x)) = α(x)+α(a). Corollary 17. Suppose X(K) = ∅ and that α ∈ Br 1/2 X and α
The following are equivalent:
Proof. We trivially have (1) ⇒ (2) ⇒ (3), since ker(r) = Br 0 X. It thus suffices to show that (3) implies (1). For this, suppose the evaluation map is constant and let x 0 ∈ X(K). The Albanese map sending x ∈ X(K) to the class of x − x 0 surjects onto Alb 0 X (K). The compatibility in (4.1) together with the fact that α is constant on X(K) therefore implies that α ′ is in the right kernel of the Tate pairing. But the right kernel is trivial, so α ′ = 0.
Proofs of the theorems
Let X be a torsor under an abelian variety A over a number field k and letÂ = Pic Proof.
(1) and (2) are equivalent by descent theory (e.g., [Sko01, Theorem 6.1.2(a)]). The equivalence of (2) and (3) follows from [Sko01, Proposition 3.3.5]. When X is divisible by n in H 1 (k, A), the equivalence of (3) and (4) follows from [Mil06, Lemma I.6.17], while when X is not divisible by n in H 1 (k, A) it follows from [Cre13, Theorem 4]. Assuming (4), let β ∈ БX be such that its image in H 1 (k, Pic X) is equal to that of Y . Modifying by a constant algebra if necessary we may take β ∈ БX[n]. That X(A) β = ∅ for such β follows immediately from [Man71, Théorème 6] .
For the final statement we use that Br 1/2 X = n≥1 Br n X, which holds because H 1 (k,Â) is torsion and the maps
Br n X = ∅ for some n.
Proof of Theorem 4. Let B ⊂ Br 1/2 X be a subgroup such that X(A k ) B = ∅. If X(A k ) = ∅, then β = 0 satisfies the conclusion of the theorem. Hence we may assume that X(A k ) = ∅. By compactness we may assume that B is finitely generated, say B = α 1 , . . . , α m . Let n be such that the nα i = 0 for all i = 1, . . . , m, which exists since Br X is a torsion group by a result of Grothendieck. Let (y v ) ∈ X(A k ) and define c i :
. Let S be a finite set of places of k such that the evaluation maps Br 1/2 ⊂ X(A k ) Br , the other containment being obvious. Let x ∈ X(A k )
Br 1/2 and let α ∈ Br X. Since Br X is torsion, there is an integer n ≥ 1 such that nα = 0. By Proposition 18 the assumption x ∈ X(A k )
Br 1/2 implies that x lifts to an adelic point y ∈ Y (A k ) for some n p -covering π : Y → X, where p is as given by Lemma 13. Now Lemma 13 and functoriality of the Brauer-Manin pairing give x, α BM = π(y), α BM = y, π * α BM = 0 , showing that x ∈ X(A k ) α . Since α was arbitrary, x ∈ X(A k ) Br .
Proof of Theorem 1. This is an immediate consequence of Theorems 2 and 3.
Proof of Theorem 5. By Theorem 1, the Brauer-Manin obstruction to the existence of rational points on a torsor X under an abelian variety A is equivalent to the obstruction coming from БX. By [Man71, Théorème 6] and [Mil06, Theorem I.6.13(a)] there is an obstruction coming from БX if and only if X is not divisible in X(k, A). We conclude by noting that the subgroup of divisible elements in X(k, A) coincides with the maximal divisible subgroup of X(k, A), because X(k, A) is torsion and each n-torsion subgroup is finite (cf., [Mil06, Remark I.6 .7]).
Proof of Theorem 6. Suppose that X(A k ) B = ∅ with B ⊂ Br X[n]. Lemma 13 implies that no adelic point of X lifts to an n p -covering. Indeed, if π : Y → X is an n p -covering with Y (A k ) = ∅, then using functoriality of the Brauer pairing as in the proof of Theorem 2 we see that the points of π(Y (A k )) are orthogonal to B. The theorem then follows from Proposition 18.
